We investigate some aspects of the Bose-Einstein condensation (BEC) of quantum gases in the presence of inhomogeneous conditions. We consider three-dimensional (3D) quantum gases trapped by an external potential when the temperature is sufficiently low to show a BEC phase region around the center of the trap. If the trap is sufficiently large, different phases may coexist in different space regions, when moving from the center of the trap. We show that the quantum gas develops a peculiar critical behavior at the boundary of the BEC region, whose scaling behavior is controlled by the universality class of the homogenous BEC transition. We provide numerical evidence of this phenomenon, for lattice atomic gases modeled by the 3D Bose-Hubbard Hamiltonian.
I. INTRODUCTION
Three-dimensional (3D) bosonic gases show the phenomenon of the Bose-Einstein condensation (BEC), which gives rise to a finite-temperature phase transition separating the high-temperature normal phase from the low-temperature superfluid BEC phase. The formation and properties of the BEC in quantum gases have been investigated by several experiments with cold atoms in harmonic traps, see, e.g., Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . For generic 3D traps the coherence length turns out to be of the same size of the condensate (a substantial phase decoherence is only expected for a very elongated BEC, along the longer direction [10] [11] [12] [13] [14] [15] ). The critical properties of 3D quantum gases at their BEC phase transition, i.e. when the condensate begins forming, have been investigated theoretically and experimentally, see, e.g., Refs. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . In particular, the inhomogeneous conditions due to the spatially-dependent trapping potential give rise to a universal distortion of the critical behavior of the corresponding homogenous systems, i.e., without the external spatially-dependent trapping potential.
In this paper we consider 3D bosonic gases trapped by an external harmonic potential, when the temperature is sufficiently low to show a BEC-phase region around the center of the trap. Due to the trapping potential, the BEC region is generally spatially limited. Therefore, when moving from the center of the trap, the quantum gas passes from the BEC phase around the center of the trap (where space coherence is essentially described by spin waves) to a normal phase far from the center. We study the behavior of the correlation functions around the center of the trap and at the boundary of the BEC. We point out that the quantum many-body system develops a peculiar critical behavior at the boundary of the BEC region, with a nontrivial scaling behavior controlled by the universality class of the homogenous BEC transition. We provide some numerical evidence of this phenomenon in lattice atomic gases modeled by the BoseHubbard (BH) Hamiltonian [35, 36] .
The paper is organized as follows. Sec. II presents the 3D BH model, and the main features of its finitetemperature phase diagram. In Sec. III we discuss the effects of the inhomogeneous spatial conditions when the temperature is sufficiently low to show a BEC phase around the center of the trap; the scaling behaviors at the spatial boundary of the BEC are put forward. Sec. IV presents some numerical results for the 3D BH model, supporting the scaling ansatz at the spatial region between the BEC and normal-phase regions. Finally in Sec. V we draw our conclusions. The appendix reports the calculation of the critical exponent θ of the scaling theory describing the behavior of the one-particle correlation function at the boundary of the BEC.
II. THE 3D BOSE-HUBBARD MODEL
The 3D BH model [35] is a realistic model of bosonic atoms in optical lattices [36] . Its Hamiltonian reads
where b x is a bosonic operator, n x ≡ b † x b x is the particle density operator, the sums run over the bonds xy and the sites x of a cubic lattice, a = 1 is the lattice spacing. The one-particle correlation function
provides information on the phase coherence properties of the BEC. The phase diagram of the 3D BH model and its critical behaviors have been much investigated, see e.g. Refs. [30-33, 35, 37] . Their T -µ phase diagram presents a finite-temperature BEC transition line related to the formation of the condensate, i.e. the accumulation of a macroscopic number of atoms in a single quantum state. phase diagram of the 3D BH model in the hard-core U → ∞ limit. The BEC phase is restricted to the region between µ = −6 and µ = 6. It is bounded by a BEC transition line Tc(µ), which satisfies Tc(µ) = Tc(−µ) due to the particle-hole symmetry of the hard-core BH model. Its maximum occurs at µ = 0, where [32] Tc(µ = 0) = 2.0160(1). We also know that [31] Tc(µ = ±4) = 1.4820 (2) . At T = 0 two further quantum phases exist: the vacuum phase (µ < −6) and the incompressible n = 1 Mott phase (µ > 6).
In Fig. 1 we sketch the phase diagram in the hard-core U → ∞ limit. The BEC phase extends below the BEC transition line T c (µ).
The condensate wave function provides the complex order parameter of the BEC transition. Thus its critical behavior belongs to the 3D XY universality class characterized by the spontaneous breaking of an Abelian U(1) symmetry [38] . In particular, around the transition point T c , the one-particle correlation function of infinite homogenous systems behaves as
where ξ ∼ τ −ν is the diverging correlation length of the critical condensing modes, and τ ≡ T /T c − 1 is the reduced temperature. The critical exponents ν and η are those associated with the 3D XY universality class [39] , i.e., ν = 0.6717(1) and η = 0.0381 (2) .
A common feature of the experiments with cold atoms [8] is the presence of an external potential V (x) coupled to the particle density, which traps the particles within a limited space region. In the experiments V (x) is usually effectively harmonic. We consider a rotationally-invariant harmonic potential (most results can be straightforwardly extended to more general cases)
where r is the distance from the center of the trap, which we locate at the origin x = 0. This trapping force is taken into account by adding a further term to the BH Hamiltonian (1), i.e.,
Therefore, the external trapping potential coupled to the particle density turns out to be equivalent to an effective spatially-dependent chemical potential
Far from the origin the potential V (r) diverges, therefore the particle density ρ(x) ≡ n x vanishes and the particles are trapped. We define the trap size by
This definition naturally arises [8, 40, 41] when we consider the thermodynamic limit in a trap, which is generally defined by the limit N, l t → ∞ keeping N/l 3 t fixed (N is the number of particles). The value of the ratio N/l 3 t is controlled by the chemical potential µ: it remains constant when varying l t keeping µ fixed.
In the following, we set the hopping parameter t = 1, so that all energies are expressed in units of t, and the Planck constant ℏ = 1.
The inhomogeneity due to the trapping potential drastically changes, even qualitatively, the general features of the behavior of homogenous systems at a phase transition. For example, the correlation functions of the critical modes do not develop a diverging length scale in a finite trap. However, when the trap gets large the system shows a critical regime, although distorted by the presence of the trap. Around the transition point, i.e. when T and µ are such that T ≈ T c (µ), the correlation functions around the center of the trap show power-law trap-size scaling behaviors with respect to the trap size l t , controlled by the XY universality class of the critical behavior of the phase transition of the homogenous system [19] . The scaling behaviors of trapped BH models at the BEC transition are discussed in Refs. [31, 32] , where also numerical analyses are reported.
III. SCALING BEHAVIORS OF THE BEC
A. Coexisting phases in the presence of the trap The inhomogeneous conditions due to the harmonic trapping potential, such as the BH model in Eq. (6), may give rise to separate regions where the quantum gas appears in the different BEC and normal phases.
For example, let us again consider the phase diagram sketched in Fig. 1 , with the phase boundary T c (µ). When T < T c (µ) the quantum gas at the center of the trap is effectively in the BEC phase. Moving from the center, the effective chemical potential
decreases. For sufficiently smooth changes, i.e. large trap size l t , we can apply the local density approximation (LDA): the local observables around the spatial coordinate x, and in particular the particle density, can be approximated by those of the homogeneous system at the same temperature and effective chemical potential µ e (x).
FIG. 2:
We sketch the variation of the effective chemical potential µe(X) = µ − X 2 within the hard-core BH phase diagram, when µ < 0 and 0 < T < Tc(µ), indicated by the dashed line starting from µe(0) = µ < 0. The spatial BECto-normal transition occurs when µe(X) crosses the phaseboundary value X b ≡ r b /lt. The inset shows a section of the rotationally-symmetric system, with the corresponding phase regions: the BEC phase around the center of the trap and the normal phase for r > r b .
When r ≡ |x| increases, µ e = µ − X 2 decreases, until it reaches a region for which T c [µ e (µ; X)] < T , see Fig. 2 . Thus, we pass from the BEC phase around the center of the trap to a region where the quantum gas is in the disordered normal phase. This scenario is sketched in Fig. 2 . Analogous arguments apply to soft-core BH models with a finite on-site interaction parameter U .
B. Scaling behavior around the center of the trap
The space-coherence properties of the quantum gas within the BEC phase are essentially associated with spin-wave modes. For T ≪ T c , when the density n 0 of the condensate is much larger than the density of the noncondensed atoms, the particle-field operator of homogenous systems can be approximated [10] by b(x) ≈ √ n 0 e iϕ(x) . Then, the long-distance modes of the phase correlations are expected to be described by an effective spin-wave theory for the phase field ϕ(x), which is invariant under a global shift ϕ(x) → ϕ(x) + α. The simplest spinwave Hamiltonian is given by H sw = d 3 x (∇ϕ) 2 . Actually, the region where the spin-wave theory effectively describes the long-distance phase correlations extends to the whole BEC phase [10, 15] , i.e. for T T c , excluding only the relatively small critical region close to T c . Therefore, the two-point spin-wave function
is expected to describe the long-range phase-coherence properties of homogenous particle systems in the whole BEC phase. Computations of G sw for various shapes and boundary conditions have been reported in Ref. [15] . In the spin-wave limit, the inhomogeneity arising from the trapping potential V (r) may be taken into account by considering the spin-wave Hamiltonian [42] 
where the potential modulates the coefficient related to the superfluid density. Due to the Gaussian nature of the spin-wave theory, the scaling behavior of the correlation functions can be inferred by a straightforward dimensional analysis [42] . Therefore, the relevant spatial scaling variable is expected to be the ratio X ≡ r/l t . For example, if we consider the one-particle correlation function, cf. Eq. (2), between the center of the trap and any point around the center, we expect the scaling behavior
These considerations can be straightforwardly extended to correlations between generic points around the center, and to other observables.
C. Scaling behavior at the boundary of the BEC
We now argue that, for smooth trapping potentials, the quantum gas develops a peculiar critical behavior around the spatial surface separating the BEC and normal-phase regions, where
For example, consider the hard-core BH lattice gas (6) for µ < 0 and T < T c (µ), see Fig. 2 . Since T c (µ) decreases with decreasing µ, a spherical surface exists at distance r b such that
This surface separates the BEC region from the normalfluid region. Expanding the rotationally-invariant potential V (r) around r b , we obtain
Therefore, the quantum gas around the surface at distance r b effectively behaves as a BH model with chemical potentialμ = µ e (µ; X b ) such that T = T c (μ), in the presence of an effectively linear potential V l (r) along the radial direction, given by
Since X b (µ, T, l t ) > 0 is assumed finite and fixed, l b ∼ l t . We now derive some scaling ansatz meant to describe the asymptotic behavior of the observables around the critical surface, in the limit of large l b . For this purpose, we note that the relevant spatial variable is expected to be the distance from the critical surface at r = r b , i.e. z = r−r b . This value should be compared with the length scale ξ b of the critical correlation functions around the surface r = r b . Like general critical phenomena, see, e.g., Ref. [38] , the asymptotic scaling behavior of the length scale is expected to be characterized by a power law:
where θ is an appropriate exponent. Therefore, the relevant scaling variable is expected to be given by the ratio
According to Eq. (18), θ is the exponent that controls the relation between the length scale ξ b around the transition point r b and the length scale l b of the linear variation of the potential around r b . The exponent θ can be determined by a scaling analysis of the perturbation associated with the external linear potential coupled to the particle density. Details are reported in the appendix. The exponent θ turns out to be related to the correlationlength exponent ν of the universality class of the critical behavior of the homogeneous BEC transition, i.e.,
where ν = 0.6717 (1) is the correlation-length exponent of the 3D XY universality class. We may apply the above considerations to the correlation function G r (r 1 , r 2 ) along an arbitrary radial direction, i.e. along the points with spherical coordinates x = (r, θ, ϕ) keeping the angle θ, ϕ fixed. We put forward the scaling behavior
where
, and r 1 = r 2 (for equal points the scaling behavior differs, since G r (r, r) = ρ(r), see below). The prefactor is analogous to that reported in Eq. (3) for the critical behavior of homogenous systems. The difference among the different radial directions, due to the lattice structure of the BH model, is expected to be suppressed in the large-l t limit. Analogous scaling relations can be straightforwardly derived for correlations between generic points around the boundary between the two phases.
A scaling ansatz can be analogously derived for the connected density-density correlation function A(x, y) ≡ n x n y − n x n y .
Along the radial direction,
where y n = 3 − 1/ν is the renormalization-group dimension of the density operator at the XY fixed point [31] .
The above scaling results can be straightforwardly extended to different geometries of the trap and generic space dependences of the external potential, when BEC and normal phases appear simultaneously due to the inhomogeneous conditions. Indeed, the linear approximation at the spatial surface between the two phases is quite general. It arises from general spatial dependences of the potentials, because a linear term generally appears in the expansion of the external potential around the critical surface. Using scaling arguments one can show that the quadratic (and in general any higher-order) term of the expansion of the potential, cf. Eq. (16), gives rise to suppressed contributions with respect to the asymptotic behavior (21) (21) . Therefore, the precise form of the trapping potential turns out to be irrelevant for our considerations on the critical behavior around the spatial separation of the different phases.
Actually we expect that there are other power-law corrections to the asymptotic behavior, i.e., those related to the critical behavior of the corresponding homogenous system, and in particular with the scaling-correction exponent ω of the 3D XY universality class [38, 39, 44] , i.e. ω = 0.785 (20) . They also induce corrections in the presence of a linear external potential. They should be
). Since ωθ = 0.315(8) is smaller than 1 − θ = 0.59819(3), the scaling corrections arising from the leading irrelevant perturbation of the XY universality class provide the leading asymptotic corrections to the problem at hand.
The particle density ρ(x) ≡ b †
x b x is expected to vary smoothly across the transition surface. Its l t → ∞ asymptotic behavior approaches a finite value, even at the transition surface. This should be given by its LDA, i.e., by the particle density ρ h of the homogenous system at the corresponding values of the chemical potential and temperature, i.e.,
Thus the l t → ∞ limit of the particle density is expected to be a function of the ratio X ≡ r/l t . Analogously to the particle density of homogenous systems at criticality [31] , the critical behavior at the boundary of the BEC region is expected to give rise to a nonanalytic subleading
) contribution, where
An analogous behavior has been also put forward, and numerically checked, in the case of the 2D Ising model in the presence of a temperature gradient [43] . We also note that more complicated scenarios may appear in the presence of inhomogeneous trap. For exam-ple, assuming the phase diagram of Fig. 1 for the hardcore U → ∞ limit, when T < T c (µ = 0), if µ > 0 is larger than the critical value µ c (T ) > 0 (inverse function of T c (µ) for µ > 0), then the gas at the center of the trap is in the disordered normal phase. At the distance such that µ e (r) = µ c (T ) it passes to a superfluid phase until µ e (r) = −µ c (T ), where it passes again to a normal phase. In this case we have two transition surfaces. The critical behaviors at such surfaces, in the regime of smooth external potential, is expected to show scaling behaviors analogous to Eq. (21) . The exponent θ is the same of that given in Eq. (20) , because at these transition surfaces the spatial variation of the external potential is effectively linear.
Finally, we mention that quantum zero-temperature transitions between spatially separated phases have been discussed in Refs. [41, 45] for low-dimensional quantum gases, between the superfluid and vacuum phases. They present similar scaling behaviors, although the quantum nature of their critical modes makes these phenomena substantially different from those at finite temperature, as those discussed in this paper.
IV. NUMERICAL RESULTS
In order to check the scaling behaviors put forward in the previous section, we consider the 3D BH model in the hard-core U → ∞ limit, whose phase diagram is sketched in Fig. 1 . We present numerical results for the hard-core BH model at µ = −3 and T = 1.482 in the presence of a harmonic trap, cf. Eq. (6). The chosen value of the temperature corresponds to the critical temperature for µ = −4, indeed [31] T c (µ = −4) = 1.4820(2). This choice allows us to determine the critical surface with great accuracy, see below, avoiding the numerical uncertainty related to its location. Of course, whenever T < T c (µ), the main features of the BEC scaling behaviors of trapped BH models are expected to be largely independent of this particular choice of parameters.
The trap is centered in the middle of a cubic M 3 lattice with open boundary conditions. We consider odd sizes M = 2L + 1, so that the lattice-site coordinates are x i = −L, ..., L, and the trap center is at x = 0. Numerical results are obtained by quantum Monte Carlo (QMC) simulations using the directed operator-loop algorithm [46] [47] [48] (see Ref. [45] for further details). We report results for several values of the trap size l t (up to l t = 12), for sufficiently large lattice size L (up to L = 22) to obtain the infinite-L limit of the quantities we are interested in, within the typical statistical errors of our computations (this is easily checked by comparing data for increasing values of L, see also below).
According to the LDA discussed in the previous section, for sufficiently large trap size l t , the particle density ρ(x) ≡ b † x b x is expected to be a function of the local effective chemical potential µ e (x) = µ − X 2 where X ≡ r/l t , thus a function of X. This is confirmed by the data for the density profile shown in Fig. 3 . They clearly approach a function of X with increasing l t . We expect that their convergence is generally characterized by O(l −1 t ) corrections (related to the effective linear variation of the potential around points at r > 0), except at the boundary of the BEC region, where it is expected to be slower (due to the critical modes, see below), and at center of the trap where the convergence is expected to be O(l −2 t ) (here the spatial dependence of the potential is quadratic). The numerical data turn out to be consistent. For example, for X = 1/2, where the effective chemical potential has a linear slope, the data nicely fit ρ 1/2 + cl −1 t (we obtain ρ 1/2 = 0.2411(3) and χ 2 /d.o.f ≈ 0.5 using the data for l t ≥ 6). At the center of the trap, the data favor the behavior ρ 0 + cl
(we obtain ρ 0 = 0.2592(4) and χ 2 /d.o.f ≈ 0.1 from the data for l t ≥ 6). The particle density ρ(x) shows a smooth behavior also across the transition surface at r b = l t , see Fig. 3 . Indeed, like the energy density at a continuous transition [38] , its large-l b limit is expected to be a nonuniversal constant given by its LDA, while critical modes give rise to subleading O(ξ
), contributions, cf. Eq. (25) . Therefore, we expect
where ρ lda is the value of the particle density of the homogenous system at µ = −4 and T c (µ = −4) = 1.482, i.e. [31] ρ lda = ρ c (µ = −4) = 0.16187 (1) . The data for the particle density ρ(r b ) are consistent, see Fig. 3 ; they approach ρ lda , indeed ρ(r b ) = 0.1600(2), 0.1608(2), 0.1613(2) for l t = 8, 10, 12 respectively. Figure 4 shows data for the one-particle correlation function G 0 (r) between the center and a generic point, cf. Eq. (12) . Their behavior is substantially consistent with the large-l t scaling behavior (12) inferred by spinwave arguments, i.e., G 0 (r) ≈ g 0 (X) in the large trap-size limit (with a X-dependent convergence rate).
We now consider the behavior at the spatial boundary of the BEC, where the quantum gas is expected to develop a critical behavior. According to the scenario put forward in Sec. III A, the spatial boundary between the BEC and normal phase regions is located at the surface r = r b corresponding to the effective chemical potential
For our choice of parameters, µ e (µ; X b ) = −4, thus r b = l t . Therefore, the effective potential (17) around the critical surface is characterized by the length scale
In order to check the scaling ansatz (21), we compute the one-particle correlation function G r (r b , r b + z) along one of the main axis of the lattice, around the critical point r = r b = l t . The data are shown in Fig. 5 . They nicely support the scaling ansatz (21) . Indeed the data for the product l 
matching the small-distance critical behavior (4) of homogenous systems. Therefore, in the neighborhood of 
In Fig. 5 the corrections to the asymptotic scaling function G r (0, Y ) appear larger for Y < 0, corresponding to the BEC phase region, while the scaling approach turns out to be quite rapid for Y > 0 corresponding to the normal phase region. As argued in the previous section, the leading corrections to the asymptotic behavior are expected to be O(l we expect that the interplay between L and l b leads to finite-size scaling (FSS) behaviors analogous to FSS in homogenous models [49] . In the case at hand the relevant scaling variable is expected to be given by the ratio
In order to show this further feature of the critical behavior at the boundary of the superfluid region, we consider the correlation length ξ b of the critical modes around the critical surface, defined as
where the sum is meant along one of the main directions of the lattice. Eq. (21) implies that
This is confirmed by the data of ξ b shown in the inset of Fig. 6 . In particular, considering θ as a free parameter, we obtain a consistent value with an accuracy of a few per cent, i.e. θ = 0.407(3) using all available data, with an acceptable
Then, we compute the ratio
for various values of l t and L. The FSS hypothesis implies that s ξ must approach a scaling function of Z, cf. Eq. (29) . This is nicely supported by the data reported in Fig. 6 . This FSS analysis shows that the condition Z 4 is sufficient to provide the L → ∞ limit of ξ b within approximately one per cent.
We finally note that the problem that we consider, i.e. the critical behavior at the boundary of the BEC region, differs from the phenomena of boundary critical behaviors at the boundaries of statistical systems [50, 51] . In the latter case the inhomogeneous behavior arises from the presence of the boundaries. In the case that we study the inhomogeneous critical behavior is controlled by the external effectively linear potential, giving rise to a critical region of size ξ ∼ l θ b separating the BEC and normalphase regions.
V. CONCLUSIONS
We investigate some aspects of the BEC of quantum gases in the presence of inhomogeneous conditions, such as cold-atom systems in harmonic traps, which are typically realized in experiments, see, e.g., Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . We consider 3D bosonic gases trapped by an external potential, when the temperature is sufficiently low to show a superfluid phase region around the center of the trap. In particular, we consider 3D BH models in the presence of a harmonic trap, cf. Eq. (6), which model realistic gases of bosonic atoms in optical lattices [36] .
We point out that, if the trap is sufficiently large, different phases may coexist in different space regions, when moving from the center of the trap. For example, we may pass from the superfluid BEC phase around the center of the trap (where space coherence is essentially described by spin waves) to a normal phase far from the center. Between the superfluid and normal phase regions the quantum gas experiences a spatial phase transition. The system develops a peculiar critical behavior at the surface separating the different phases, characterized by the presence of an external potential with an effectively linear space dependence. Using scaling arguments, we put forward the asymptotic behavior in the limit of smooth external potential, i.e., large length scale l b associated with the effective linear variation of the potential at the critical surface, cf. Eq. (17) . We argue that this peculiar scaling behavior is controlled by the universality class of the homogenous BEC transition, i.e., the 3D XY universality class whose critical exponents are known with great accuracy. The length scale ξ b of the critical modes around the critical surface diverges as ξ b ∼ l We provide numerical evidence of this phenomenon for the 3D BH model in the hard-core U → ∞ limit (whose phase diagram is sketched in Fig. 1 ), in the presence of a rotationally-invariant harmonic trap. The numerical results, obtained by QMC simulations, nicely support our scaling predictions, in particular those at the boundary of the BEC. An analogous scenario is expected for soft-core BH models with finite on-site interaction parameters U .
The scaling theory at the boundary of the BEC can be straightforwardly extended to different geometries of the trap, and/or generic space dependences of the external potential. This is essentially due to the fact that the linear approximation at the spatial surface between the two phases is quite general. Moreover, high-order terms are expected to be irrelevant: they give only rise to O(l −1+θ b ) suppressed contribution in the l b → ∞ limit.
We remark that the lattice structure of the BH model does not play any particular role in our scaling arguments concerning the spatial phase transition at the boundary of the BEC, and the derivation of the corresponding power laws. Indeed the microscopic details of the model are irrelevant in the asymptotic l b → ∞ limit. Therefore, our scaling predictions at the boundary of the BEC apply to a wide class of models, i.e. to any 3D inhomogeneous interacting bosonic systems at the spatial boundary of their BEC phase.
The experimental evidence of the critical behavior at the boundary of the BEC in trapped quantum gases requires the measurement of the one-particle correlation functions, or higher-order correlations. These quantities are not easily accessible. However several examples of such space-coherence measurements have been reported in the literature, see, e.g., Refs. [3, 4, 16, 52] . On the other hand, the more accessible particle density, which can be measured by in situ density image techniques [53, 54] , can hardly provide evidence of this critical phenomenon, since the critical modes give only rise to subleading contributions to the particle density, cf. Eq. (26) .
